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Abstract In this paper, we study weighted local Hardy spaces h^R™) as- 
sociated with local weights which include the classical Muckenhoupt weights. This 
setting includes the classical local Hardy space theory of Goldberg [10], and the 
weighted Hardy spaces of Bui [3] . 

1. Introduction 

The theory of local Hardy space plays an important role in various fields of anal- 
ysis and partial differential equations; see [15, 17, 20, 14]. In particular, pseudo- 
differential operators are bounded on local Hardy spaces h v for < p < 1, but they 
are not bounded on Hardy spaces H p for < p < 1; see [10]. 

On the other hand, Bui [1] studied the weighted version h v w of the local Hardy 
space h p considered by Goldberg [10], where the weight u is assumed to satisfy the 
condition (Aoo) of Muckenhoupt. Recently, Rychkov [14] introduced and studied 
some properties of the weighted Besov-Lipschitz and Triebel-Lizorkin spaces with 
weights that are locally in A p but may grow or decrease exponentially. Recently, 
Rychkov [14] studied the class of Triebel-Lizorkin F£ spaces, which includes Hardy 
spaces as its part. In fact, Rychkov explicitly identifies weighted local Hardy space 
with Fp 2 (u) in Theorem 2.25 of [14]. In particular, Rychkov [14] extended a part 
of theory of Aoo-weighted local Hardy spaces developed in Bui [3] to the A 1 ^ weights, 
where A 1 ™ weights denote local Aoo-weights which are non-doubling weights, and 
the A 1 ^ weights include the A^-weights. 

The main purpose of this paper is twofold. The first goal is to establish 
weighted atomic decomposition characterizations of weighted local Hardy space 
with local weights. The second goal is to show that strong singular integrals and 
Pseudodifferential operators and their commutators are bounded on weighted local 
Hardy spaces. 
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The paper is organized as follows. In Section 2, we first recall some notation 
and definitions concerning local weights and grand maximal function; and we then 
obtain a basic approximation of the identity result and the grand maximal function 
characterization for with q e (q u ,oo\, where q^ is the critical of ou. In Section 
3, we introduce weighted local Hardy spaces N via grand maximal functions and 
weighted atomic local Hardy spaces h p j q,s (R n ) for any admissible triplet (p, q, s) u , 
and study some properties of these spaces. In Section 4, we establish the Calderon- 
Zygmund decomposition associated with the grand maximal function. In Section 5, 
we prove that for any admissible triplet (p, q, s) w , h„ N (R n ) = h^j q ' s (R n ) with equiv- 
alent norms. Moreover, we prove that || ■ \\ h p,y ( K n) and || ■ ||hS(r«) are equivalent 
quasi- norms on h^ q ^ n (R n ) with q < oo, and we obtain criterions for boundedness of 
sublinear operators in hfc in Section 6. Finally, in Section 7, we show that strong sin- 
gular integrals and Pseudodifferential operators and their commutators are bounded 
on weighted local Hardy spaces by using weighted atomic decompositions. 

It is worth pointing out that we can not adapt the methods in [3] and [10], 
if oo is a local weight. In fact, adapting the same idea of (global) weighted Hardy 
spaces( [1, 2, 16, 18]), we give a direct proof for weighted atomic decompositions of 
weighted local Hardy spaces. 

Throughout this paper, C denotes the constants that are independent of the 
main parameters involved but whose value may differ from line to line. Denote by 
N the set {1, 2, • • •} and by N the set NU {0}. By A ~ B, we mean that there exists 
a constant C > 1 such that 1/C < A/B < C. 

2. Preliminaries 

We first introduce weight classes A l ° c from [14]. 

Let Q run through all cubes in R n (here and below only cubes with sides 
parallel to the coordinate axes are considered), and let \Q\ denote the volume of Q. 
We define the weight class Ap OC (l < p < oo) to consists of all nonnegative locally 
integral functions oo on R n for which 

Al oc (uj) = sup j^r- [ u(x)dx ( [ u- p ' /p (x)dx) P/P < oo, l/p+l/p' = I. (2.1) 
IQI<i \Q\ P J Q \ J Q J 

The function oo is said to belong to the weight class of A l ° c on R n for which 

A[ oc (oo) = sup -L / oo(x)dx (suplooiy)}- 1 ) < oo. (2.2) 
|0|<i \Q\ JQ \yeQ J 

Remark: For any C > we could have replaced \Q\ < 1 by \Q\ < C in (2.1) and 
(2-2). 

In what follows, Q(x,t) denotes the cube centered at x and of the sidelength 
t. Similarly, given Q = Q(x,t) and A > 0, we will write \Q for the A-dilate cube, 
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which is the cube with the same center x and with sidelength At. Given a Lebesgue 
measurable set E and a weight u, let ou(E) = f E udx. For any uj G A^ c , with 
p G (0, oo) denotes the set of all measurable functions / such that 

\\f\\rz = (fjf(x)M*)dx) 1/P <oo 
and L^f = L°°. We define the local Hardy-Littlewood maximal operator by 

M l ° c f(x) = sup ±- / \f(y)\dy. 

Similar to the classical A p Muckenhoupt weights, we give some properties for weights 

u e ^!£> c := Ui< p <oo A l ° c . 

Lemma 2.1. Let 1 < p < oo, uj G A l ° c , and Q be a unit cube, i.e. \Q\ — 1. 
T/ien i/iere exists o w G ^ so £/ia£ uj = uj on Q and 

(i) am < ca 1 ;c(u). 

(ii) if uj G Ap OC ; £/ien i/iere exists e > such that uj G Aj,°f e (u;) for p > 1. 
(raj // 1 < pi < p 2 < oo, toen C A 1 ™. 

(iv) uj G Ap c if and only if uj~~^ G A l °, c . 
(v) IfujE A l ° c for 1 < p < oo, £/ien 

w(tQ) < eap(c^t)w(Q) (* > 1, |Q| = 1). 

(vi) the local Hardy-Littlewood maximal operator M loc is bounded on L^ifuE A l ° c 
with p G (1, oo). 

(vii) M loc is bounded from l£ to if uj £ A[ oc . 

Proof: (i)-(vi) have been proved in [14]. (vii) can be proved by the standard method. 

We remark that Lemma 2.1 is also true for \Q\ > 1 with c depending now 
on the size of Q. In addition, it is easy to see that A p C A l ° c for p > 1 and 
e c l x l, (1 + \x\ ln Q (2 + (xl))' 3 G A 1 ^ with a > 0, (3 G R and c G R. 

As a consequent of Lemma 2.1, we have following result. 

Corollary 2.1. If uj £ A 1 ^, then there exists a constant C > such that 

uj{2Q) < uj(Q) 

if \Q\ < 1, and 

u(Q(x ,r + l)) < Cuj(Q(x ,r)) 

if\Q(x ,r)\ > 1. 
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From Lemma 2.1, for any given oo G A l ° c , define the critical index of u by 

qul = mi{pe[l,oo):ueA l p oc }. (2.3) 

Obviously, q w G [1, oo). If q u G (1, oo), then u £ A l °^. 

The symbols £>(R n ) = C °°(R n ), £>'(R n ) is the dual space of £>(R n ). The multi- 
index notation is usual: for a = (cti, • • • , a n ) and d a = (d/d Xl ) ai ■ ■ ■ (d/d Xn ) an . 

Lemma 2.2. Let cu G A l ^,q^ be as in (2.3), and p G (q u ,oo\. T/ien 

ft) i/ 1/p + 1/p' = 1, ^en P(R») C L^ jl/p _ 1 (R«); 

ftj L^(R n ) C P'(R n ) and £/ie inclusion is continuous. 

Proof. We only prove the case p < oo. The proof for the case p = oo is easier and 
we omit the details. Since p G (q u , oo), then u G A l ° c . Therefore, by the definition 
of A l ° c , for all ball B = 5(0, r) with radius r and centered at 0, we have 

/ UxV-^-^dx < CUBM'^-^lBf < oo. 
Jb 

From this, for any ip G V(R n ) and supp ip C B, we obtain 

IMI^ (R n } < C / ^(x)]- 1 ^ 1 ^ < oo. (2.4) 
For (ii), if / G ££(R n ) and <p G £>(R n ), by Holder inequality and (2.4), we have 

\<f,v> i < n/ik(.-) / ly^rVor)]- 1 ^- 1 ^ < cii/iu,^). 

Thus, Lemma 2.2 is proved. 

For (p G V(R n ) and t > 0, set 

<p t (x) = r> (f) . 

It is easy to see that we have the following results. 

Proposition 2.1. Let tp G V(R n ) and / tp(x)dx — 1. 

ft) For any $ G £>(R n ) and f G £>'(R n ), $ * <p t ->■ $ in £>(R n ) as t ->■ and 
f*<p t ->f in V'(R n ) ast^O. 

(ii) Let cu G A 1 ^ and q u be as in (2.3). If q G {q w ,oo), then for any f G L^,(R n ), 
f*<p t ->f in Ll(R n ) ast^O. 
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Let N G N and 



M%f(x) = sup{|y9 t * f(x)\ : < t < 1, cp G V(R n ), J<p^0, 
suppy? C B(0, 1), pVHoo < 1 |a| < N + 1}. 



^U^) = sup{|^*/(x)| : 0<t<l,peV(R n ), Jcp^O, 

suppv? C 5(0, 2 3 ( 10+n )), \\D a ip\\ 00 < 1 |a| < iV+!}. 



and 



Xjv/(x) = sup{|^*/(z)| : |z-a;| <i < l,v? G £>(]R n ), / y?^0, 
suppy? C 5(0, 2 3 ( 10+n ))), pVHoo < 1 |a| < N + 1}. 
For any iV6No and x G K ra , obviously, 



Proposition 2.2. Lei iV > 2. Then 

(i) There exists a positive C such that for all f G (L z 1 oc (E n ) f)V'(R n )) and almost 
everywhere x G R n , \f(x)\ < M° N f(x) < CM loc f(x). 

(ii) Ifwe A l p oc with p G (l,oo), then f G L'^(M. n ) if and only if f G D'(M n ) and 
M° N f G Z£; moreover, ||/|| L£ ~ \\M N f\\ L ,. 

(Hi) If we A[ oc , then M° N is bounded from Ll(R n ) to L^°°(M n ). 

The proof of (i) and (iii) is obvious, (ii) has been proved in [14], we omit the details 
here. 

3. The grand maximal function definition of Hardy spaces 



M° N f(x) < M° N f{x) < M N f{x). 



For convenience, we write 




a\ < N+ 1}, 



and 




a\ < N+ 1}. 
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In this section, we introduce weighted local Hardy spaces via grand maximal func- 
tions and weighted local Hardy spaces. Moreover, we study some properties of these 
spaces. 

Let p G (0, 1], u) G A l £, and q u be as in (2.3). Set 

A^ = max{0,K^-l)]} + 2. 
V 

For each N > N PjU , the weighted local Hardy space is defined by 
K, N ( Rn ) = {/ e V '( RH ) ■ M °N(f) G L?(R n )} . 

Moreover, we define \\f\\h p (m n ) = Il-M jv(/)II.L p (iR n )- From Theorem 2.24 in [14], we 

know that ||.MU/)lk(M«i~ ll^(/)lk(R») ~ \\M N {f)\\ L p {R ny 
For any integer N, N with N PjU) < N < N, we have 

^WcV)c^(i») 

and the inclusions are continuous. 

Notice that if p G (? w ,oo] and > A^ )U) = 2, then by Proposition 2.2 (ii), 
we have N (R n ) = L^(R n ) with equivalent norms. However, if p G (1,^), the 
element of N (R n ) may be a distribution, and hence, h p w N {R n ) ^ L^iR 71 ). But, 
(h^ N (R n )) C\ L} oc (R n )) C LP(R n ). For applications considered in this paper, we 
concentrate only on N (R n ) with p G (0, 1]. 

We introduce the following weighted atoms. 

Let cj G A 1 ™ and q w be as in (2.3). A triplet (p, q, s) w is called to be admissible, 
if p G (0, 1], g G oo] and s G N with s > [n{^ - 1)]. A function a on R n is said 
to be a (p, q, s) u — atom if 

(i) supp a C Q, 

(ii) ihi^,) < ^(Q)]^-vp. 

(iii) / a(x)x a dx = for a G (N ) n with |a| < s, if |Q| < 1. 

Moreover, we call a is a (p,q)ui single atom if ||o||l«(k™) < [a;(]R n )] 1 ^ _1/ ' p . 

Let uj G and (p, q, s) w be an admissible triplet. The weighted atomic 
local Hardy space h%j q ' s (R n ) is defined to be the set of all / G V'(R n ) satisfying 
that / = T,Zo X i a i in V'(R n ), where {A;} ieNo C C, EZo\ X i\ P < 00 and Mies 
are (p, q, s) w -atom and a is a (p, g) w single atom. Moreover, the quasi-norm of 
/ G h p j q > s (R n ) is defined by 

ll/lk*'(R») = inf 



i=0 



1/p 
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where the infimum is taken over all the decompositions of / as above. 

It is easy to see that if the triplets (p, q, s) u and (p, q, s) u are admissible and 
satisfy q < q and s < s, then (p, q, s) w -atoms are (p, q, s) w -atoms, which further 
implies that h^; q ' s (R n ) C h^j q ' s (R n ) and the inclusion is continuous. 

Next we give some basic properties of h^ tN (R n ) and h% q ' s (R n ) 

Proposition 3.1. Let w G A 1 ^;. If p G (0,1] and N > N PJU , then the 
inclusion h^ tN (R n ) S'(R n ) is continuous. 

Proof. Let / G h^ } N (R n ). For any tp G V° N (R n ), and suppy? C B = B(0, 1), we have 

\<f,<P> I = 1/ * ^(0)| < \Mv N inf M° N (f)(x) 

xeBo 

where <p(x) = ip(—x). This implies / G V'(R n ) and the inclusion is continuous. The 
proof is finished. 

Proposition 3.2. Let u G A l £. If p G (0, 1] and N > \{n(q u /p - 1)] + 2, 
the the space h p (R n ) is complete. 

Proof. For every (p G V%(R n ) and every sequence {/j}i 6N in V'(R n ) such that Y^ifi 
converges in V to the distribution /, the series J2i f% * V 9 ^) converges pointwise to 
f *(p(x) for each x G R n . Thus, 

M° N f(xy < ^2M%Mx)J < aMUW) p for all x G R n , 
and hence ||/IU^ >J>r (R») < Y WMlhl^)- 

i 

To prove that ^(R n ) is complete, it suffices to show that for every sequence 
{/iliGN with \\fj\\ h p w(R ») < 2 _J for any j G N, the series Y,jmfj convergence in 
h^j ^(R n ). Since {YjI=i fi}jeN are Cauchy sequences in N (R n ), by Proposition 3.1 
and the completeness of V'(R n ), {J2i=i fi}j€K ar e also Cauchy sequences in V'(R n ) 
and thus converge to some / G V'(R n ). Therefore, 

j oo oo 

Wf -Y,fi\\hl N (R") = II S /*Hfc£ 2 ' tP ^ 

i=l i=j+l i=j+l 

as j — y oo. This finishes the proof. 

Theorem 3.1. Let oj G A 1 ^. If (p,q,s) u is an admissible triplet and N > 
N Pj0J , then h% q > s (R n ) C (WL n ) C h^ iN (R n ), and moreover, there exists a positive 

constant C such that for all f G h p j q > s (R n ), 

\\f\\hl N {^) < H/IU^jR") < C||/|| h P,fl,. (R n). 
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Proof. Obviously, we only need to prove K^ q,s C h^ N u (R n ) for all / G h^j q ' s (M. n ) 
> ll/IU p JV (R n ) — ll/IU£' g ' s (R n ) • To this end, it suffice to prove that there exists a 
positive constant C such that 

\\ M °N p A a )\\Lim < c for a11 (p,Q,s) u - atoms a, (3.1) 

and 

II^JVp, w ( a )lli£(R») ^ C for a (p, g) w single atoms a. (3.2) 

Since q G (g w ,oo], so u G A^ oc . We first prove (3.2). Let a is a (p,q) w single 
atom. Using the Holder inequality, the L^(R ra )-boundedness of M.% and u G Ag OC 
together with Proposition 2.2 (i), we have 

\\M° Np Ja)\\ LURn) < CMll^^)} 1 -^ < C. 

It remains to prove (3.1). Let a be a (p, q, s) w -atom supported in Q = Q(x , r). The 
first case is when \Q\ < 1. Then if Q is the double of Q, 



[M° Np Ja)(x)}M^)dx= _[M° Np Ja)(x)}Mx)dx+ [M° Np Ja)(x)Y> U (x)dx 

'■ JQ JQ C 

■=h + h- 

For fx, by the properties of A l ° c (see Lemma 2.1), we have 

To estimate I 2 , we claim that for x G Q c 

M° Np Ja)(x) <C\x- a:o| So+1+ "|g| So/ri [a;(Q)]- 1/p X { |,- :Co |<4n}(a:), (3.3) 

where s = [n(q u /p — 1)]. Indeed, let P be the Taylor expansion of 93 at the point 
(x — x )/t of order s . Thus, by the Taylor remainder theorem, note that < t < 1, 
we then have 

|(a*^)(x)(x)| = \t- n l n a(y) (*> (^) - P (^)) <*!/ 

< Cx { | a; -, |<4n}(a:)|a:- a :or^ +n+1 ) J B \a(y)\\y\ S0+1 dy 

< c\x - xoi-o+^igi^+^twcg)]- 1 ^!^!^^). 

Hence, (3.3) holds. Choose 77 > such that, then by w G A l °^ +V and Proposition 2.2 
(i), we have 

h < C|Q| I,(n+ao/n) [a;(g)]- 1 / \x - x \ p(so+1+n) cu(x)dx < C. 

J 2r<\x—xo\<An 
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To deal with the case when \Q\ > 1, the proof is simple. In fact, let Q* = Q(xo, r+n), 
by Corollary 2.1, we get 

/ [M° Np Ja)(x)]Mx)dx= I [M° Np Ja)(x)]Mx)dx 

Jm n p JQ* p 

<c\\a\\^ ) [wmr-''* 

< C. 

Thus, Proposition 3.2 is proved. 

4. Calderon-Zygmund decompositions 

In this section, we establish the Calderon-Zygmund decompositions associated with 
grand maxiaml functions on weighted R n . We follow the constructions in [16], [1] 
and [2]. 

Throughout this section, we consider a distribution / so that for all A > 0, 

u({x e R n : M N (f) > A}) < oo, 

where N > 2 is some fixed integer. Later with regard to the weighted local Hardy 
space h^^ N (R n ) with p e (0, 1], we restrict to 

N > [nq^/p]. 

For a given A > inf M.Nf(x), we set 

n = {x e R n : M N (f)(x) > A}, 

which implies f2 is a proper subset of R n . As in [17], we give the usual Whitney 
decomposition of Q. Thus we can find closed cubes Qk whose interiors distance from 
Q c , with Q = UkQk an d 

diam(Q k ) < 2~ {6+n) dist{Q k ,Q) < 4diam(Q k ). 

Next, fix a = 1 + 2-( 11+ ") and b = 1 + 2"( 10+n ); if Q k = aQ k ,Q* k = bQ k , then 
Qk C Q k C Q* k . Also, \JQl = Q, and the {Q k } have the bounded interior property: 
every point is contained in at most a fixed number of the {Q* k }- 

Fix a positive smooth function £ that equal 1 in the cube of side length 1 
centered at the origin and vanishes outside the concentric cube of side length a. 
We set £fc(x) = — £&]/£&), where is the center of the cube Q k and l k is 
its side length. Obviously, for any x G R n , we have 1 < J2k£,k( x ) < ^- Write 
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Vk — £k/(Hj£j)- The r)k form a partition of unity for the set Q subordinate to the 
locally finite cover {Qk} of Q; that is to say, xn — J2Vk with each n k supported in 
the cube Qk- 

Let s G N be some fixed integers and V s (WL n ) denote the linear space of 
polynomials in n variables of degrees no more than s. For each % and P G V s (R n ), 
set 



\P\U = 



1 



rji(x)dx 



\P(x) \ 2 7]i(x)dx 



1/2 



(4.1) 



Then (V s (M. n ), \\ • ||«) is a finite dimensional Hilbert space . Let / G V(R n ). Since 
/ induces a linear functional on V s (M. n ) via Q\ — > 1/ J Rn rji(x)dx < f,Qr)i >, by the 
Riesz lemma, there exists a unique polynomial Pi G V s (M. n ) for each % such that for 
all Q G V s (R n ), 

' < /, QVi > = 7 7TT- < p u QVi > 



/i" f]i(x)dx J Rn Tji(x)dx 

= 7 ttt / Pi{x)Q{x)r]i(x)dx. 

J R „ r)i(x)dx Jr" 

For every i, define distribution h = (f — Pi)r\i if < 1, we set hi = frji if k > 1. 

We will show that for suitable choices of s and iV, the series J2i h converges 
in V'(R n ), and in this case, we define g = / - £i h in P'(M n ). 

The representation f = g + Y^ih, where g and 6j are as above, is said to be 
a Calderon-Zygmund decomposition of degree s and the height A associated with 
M N (f). 

The rest of this section consists of series of lemmas. In Lemma 4.1 and Lemma 
4.2, we give some properties of the smooth partition of unity {i]i}i. In Lemmas 4.3 
through 4.6, we derive some estimates for the bad parts {bi}i. Lemma 4.7 and 
Lemma 4.8 give controls over the good part g. Finally, Corollary 4.1 shows the 
density of L^(M. n ) f] K :N (R n ) in /^(K"), where q G (q u , oo). 

Lemma 4.1. There exists a positive constant C\, depending only on N, 
such that for all i and I <k, 

sup sup \d a r]i(lx)\ < C\. 

\a\<Nxm n 

Lemma 4.1 is essentially Lemma 5.2 in [1]. 

Lemma 4.2. If li < 1, then there exists a constant a constant Ci > 
independent of f G V'(R n ), li and A > so that 

sup \Pi(y)vi(y)\ < C 2 \. 
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Proof. As in the proof of Lemma 5.3 in [1]. Let 717, • • • , 7r m (m = dimV s ) be an 
orthonormal basis of V s with respect to the norm (4.1). we have 

P i = fl\j— I f(x)7T k (x)rji(x)dx\ TT k , (4.2) 
k= l\JVi J ) 



where the integral is understood as < f,TT k r]i >. Hence 
1 r, 2 



1 



— / \Tr k (x)\ 2 r)i(x)dx > — — \ \TT k {x)\ 2 ni{x)dx 
Jr]i J \Qk\JQk 

— T7T7 / Mx)\ 2 dx = 2~ n [ \n k (x)\ 2 dx, 
\Qk\ JQ k JQ° 



(4.3) 



where n k (x) = n k (xi + Ux) and Q° denotes the cube of side length 1 centered at the 
origin. 

Since V s is finite dimensional all norms on V s are equivalent, there exists 
A 1 > such that for all p E V s 

sup sup \d a P(z)\<A 1 / \P(z)\ 2 dz) . 

\a\<szebQ0 \JQ° J 

From this and (4.3), for k = 1, • • • , m, we have 

sup sup \d a 7r k {z)\ < A x . (4.4) 

\a\<sz&Q" 

For k — 1, • • • , m define 

®k(y) = Y~^k(z - ky)rji(z - ky), 

J Vi 

where z is some point in 2 9+n nQ k f] fl c . 

It is easy to see that supp$ fe C B n := 5(0, 2 3(10+n) ) and H^Hz^ < A 2 by 
Lemma 4.1. 

Note that 

-p- / f{x)ir k {x)rii{x)dx = (/ * (^ k ) h )(z), 

J Vi J 

since U < 1, we then have 



— / f(x)7T k (x)r]i(x)dx 

J Vi J 

By (4.2), (4.4) and above estimate 



< M N f(z)\\$ k \\v N < A 2 X. 



sup \Pi(z)\ < mA 1 A 2 X. 

zeQ* 

Thus, 

sup 1^(2)77,(2:) I < C 2 \. 

zei™ 

The proof is complete. 
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Lemma 4.3. There exists a constant C3 > such that 

M° N b t {x) < C 3 M N f(x) for x G Q*. (4.5) 

Proof. Take tp G V%, and x G Q*. 
Case I. For t < k, we write 

{h * tp t )(x) = (/ * $ t )(x) - ((Pn) * <p t )(x), 

where $(z) := tp(z)r)i(x — tz). Define fji(z) = r)i(x — kz)). Obviously, supp$ C B n . 
By Lemma 4.1, there exists a positive constant C such that 

\m\v N < AiC. 

Note that for N > 2 there is a constant C > so that ||</?||l 1 (m' j ) < C for all tp G X^. 
Therefore, by Lemma 4.2 and (4.5), we have 

|&i * <#(a;)| < \\<$>\\ VN M N f{x) + C 2 A||^|Ui(r») < C 3 M N f{x), 

since M. N f\x) > A for x G f2. 

Case II. For I, < i < 1 by a simple calculation we can write 

(bi * <Pt)(x) = £(/ * * k )(x) - ((PiVi) * <Pt)(x), 

where $(z) = tp{l i z/t)r]i{x — 1{Z). Define tp{z) := tp(liz/t) and fji(z) = r]i(x — liz). It 
is easy to see that supp$ C B n . By Lemma 4.1, we can find a positive constant C 
independent of 1 > t > U so that 

sup sup \d a tp(z)\ < C, sup sup \d a fji(z)\ < A\. 

\a\<N z£R n \a\<N zGR n 

Hence, there exists a positive constant C such that H^Ho^ < C, and H^Hl^r™) — C 
for tp g T>n for N > 2. As in the case I 

* y»t)(a:)| < ||$|| 2?Jv .Mj V /(a;) + C 2 A|^||Li (R n) < CM N f{x). 
By combining both cases, we can obtain the desired result. 

Lemma 4.4. Suppose Q G M. n is bounded, convex, and G Q, and N is a 
positive integer. Then there is a constant C depending only on Q and N such that 
for every <fi G V(R n ) and every integer s, < s < N we have 

sup sup \d a R y (z)\ <Csup sup \d a (j)(z)\, 

xGQ\a\<N x<=Q s+l<\a\<N 

where R y is the remainder of the Taylor expansion of <j) of order s at the point 
y G R n . 



Weighted local Hardy spaces and their applications 



13 



Lemma 4.4 is Lemma 5.5 in [1]. 

Lemma 4.5. Suppose < s < N . Then there exist positive constants C 3 , C 4 
so that for i G N ; 

m+s+l 

MMix) < C {h + lx l _ Xiir+s+ i X{\^\<c 3 }(x) if x # Q*. (4.6) 

Moreover, 

M° N (bi)(x) = 0, if x £ Q* and k > C 4 . 

Proof. Take </? G T?(R ra ). Recall that r/i is supported in the cube Qi, and we have 
taken Qi to be strictly contained in Q*. Thus ii x ^ Q* and ^(y) 7^ 0, then there 
exists a positive constant C3 such that \x — y\ < |x — Xj| < C3I2; — y|, and the support 
property of $ requires that 1 > t > \x — y\ < 2 _11 ~ n /j. Hence, \x — Xi\ < C^t and 
l { < 2 11+n := C A and Z 4 < C 4 t . Pick some w G (2 8+n nQi) f] fi c . 

Case I. If 1 < /j < C 4 and </? G £>^, where define 4>(z) = (p(liz/t) and k = 
k/C 4 < 1. We have 

(b*<p l )(x) = t- n J bi<p((x-z)/t)dz 
= t~ n J b i( f)((x- z)/k)dz 
= t- n J b4 {x _ w)/ i.{{w - z)/k)dz 

In 

where 

4>{ X - W )/Ti{ z )ni{w - kz), (f) {x - w) /- h {z) = 4>{z + (x- w)/k). 
Obviously, supp$ C B n . Note that U < tC± and \x — Xi\ < C 3 t, we obtain 

In Tn m+s+1 

|(6* <p t )(x)\ < Cf n M N f{w) < CXf n < CX ik + i ;_ Xil)n+s+l . (4.7) 

Case II. If li < 1 and ip G V% define <p(z) = (p(liz/t). Consider the Taylor expansion 
of <fi of order s at the point y :— (x — w)/li, 

<f>(y + z)= E ^^z a + R y (z), 

\a\<s a - 

where R y denotes the remainder. 
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Thus, 

(b * <p t )(x) = t~ n I bi<p((x - z)/t)dz 



= t~ n I bi<j>((x - z)/l t )dz 

J (4.8) 

= t~ n J biR {x _ w y k ((w - z)/U)dz 

= l l(f*<t> k )( w )+ t - n J P t (z) Vl (z)R (x . w)/h ((w-z)/h)dz, 

where 

$(z) := R( x - W y k (z)r)i(w - kz). 

Obviously, supp$ C B n . Apply Lemma 4.4 to (f>(z) = <p(liz/t), y — (x — w)/li and 
Q = B n . We have 

sup sup \d a R y (z) \ < C sup sup \d a (j)(z)\ 

zeB n \a\<N z&y+B n s+l<\a\<N 

fl \ -(-+1) 

< C sup - sup \d a <p(l iZ /t)\ 

zey+B n \ t J s+l<\a\<N 

Note that U < tC± and \x — Xi\ < C 3 t, therefore by (4.8), we have 

l n r 
(b * <p t )(x) <p{f* *u)W\ + r n j iP^zMz^^Xiw - z)/k)\dz 

fin 

< C j-M N f{w)\\nv N + A sup sup \d a R y (z)\ (4.9) 

m+s+1 

< (j \ L A 

(k + \x-Xi\) n + s + r 

Combining (4.7) and (4.9), we obtain (4.6). 

Lemma 4.6. Let u G A 1 ™ and be as in (2.3). If p G (0,1], s > [nq u /p] 
and N > s, there exists a positive constant C 5 such that for all f G h p jN (R n ), 
A> inf M. N f(x) andi, 

/ [M° N (b t )(x)] p u(x)dx < C 5 [ [M N (f)(x)] p u(x)dx. (4.10) 

jR n JQ* 

Moreover the series converges in h^ N (R n ) and 

I [M%(£bi)(x)] p uj(x)dx<C 5 j [M N {f){x)Yu{x)dx. (4.11) 
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Proof. By Lemma 4.4, we have 

/ [M° N (b t )(x)] p u(x)dx< [ [M° N (b t )(x)] p u(x)dx 

jR n JQ* 



(4.12) 

+ J^^Mix^uWdx, 

where Q° { = Q(x i: l). Note that s > [nq^/p] implies 2' ni - q ^2 i - s+n+l ^ > 1 for 
sufficient small rj > 0. Using Lemma 2.1 (ii) with u G A l °^ +rj , Lemma 4.5 and the 
fact that MnQ'){x) > A for all x G Q*, we have 

/ [M° N (bi)(x)}Mx)dx<f: f k yki [M° N (bi)(x)} p uj(x)dx 

< X p co(Q*) jr[2~ n{q " +v)+{s+n+1)p }- k (4.13) 

fc=0 



<C f [M N f(x)} p uj(x)dx, 

JQ* 



where k G Z such that 2 feo ~ 1 < C 3 < 2 fc °. 

Combining (4.12) and (4.13), then (4.10) holds. By (4.10), we have 

/ [M° N (b l )(x)] p u(x)dx < CJ2 f [M N f(x)} p u(x)dx < C ( [M N (f)(x)] p u(x)dx, 
ir • Jo* ' Jn 

which together with complete of N (see Proposition 3.2)implies that J2ibi con- 
verges in /i^Tv- So by Proposition 3.1, the series J2ibi converges in X>'(R n ), and 
therefore M° N (Eih)(x) < EiM° N (h)(x), which gives (4.11). Thus, Lemma 4.6 is 
proved. 

Lemma 4.7. Let u G A l £ and q^ be as in (2.3), s G N ,a nd N > 2. // 
q G (g w , oo] and f G L^(R n ) ; then the series J2ibi converges in L^,(R n ) and there 
exists a positive constant Cq, independent of f and \, such that || J2i |^|||l«(m") < 

C(>\\f\\LU«. n )- 



Proof. The proof for q = oo is similar to that for q G (q w , oo). So we only give the 
proof for q G (g w , oo). Set F x = {i G N : > 1} and F 2 = {i G N : < 1}. By 
lemma 4.3, for i G F 2 , we have 

/ \bi(x)u)(x)dx < / |/(x)|' ? a;(x)(ix + / \Pi(x)rii(x)\ q u(x)dx 

JR n JQ* JQ* 

< [ \f(x)\ q oo(x)dx + X q oo(Q*). 
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/ \bi(x)\u(x)dx < / |/(a;)| 9 u;(a;)(&r. 

JR™ Jq* 

From these, we obtain 

E / = V" / \bi(x)\u>(x)dx + E / |6i(x)|a;(x)da; 

Jq* Jq* 

< E / . I/WIM*)** + c E AMQ?) 

<E/ |/(^)|^(^)^ + CA 9 a;(g) 

< C 6 / |/(x)|«a;(x)tfa;. 



From this and applying b{ have finite covers, we have 

II E I^IIIlSOR") - C 6 ll/H L l( R ny 
i 

The proof is finished. 

Lemma 4.8. If N > s > and converges in V'(R n ), then there exists 
a positive constant C-j, independent of f and X, such that for all x G R n , 

M° N (g)(x) < M° N (f)(x) X nc(x) + C 7 - ^_ x ^ n+s+l X{\x- Xl \<c z }{x) 
Proof. If x £ Q, since M° N (g)(x) < M° N (f)(x) +^2M° N (bi)(x), by Lemma 4.5, we 

i 

obtain 

m+s+l 

M° N (g)(x) < M° N (f)(x)xa4x) J , n+s+1 X{\ x - Xi \<c 3 }(x) ■ 

If x G fi, choose k G N such that x G <3£- Let J := {i G N : Q* f] Q% ^ 0}. Then 
the cardinality of J is bounded by L. By Lemma 4.5, we have 

T.MMix) < CAE /, ■ i* , nn+s+1 X{|^|<Cs}(^)- 
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It suffices to estimate the grand maximal function of g + h = f — J2iej h- Take 
tp G V% and < t < 1. We write 

(/ - E i6 J bi) * <p t (x) = (/0 * ft + (EieJ p iVi) * ft 

= f*$ t (w) + (EieJ PiVi) * <Pu 

where w G (2 8+n nQ k ) f] fi c , £ = 1 - £ ig j r\ { and 

:= <£>(z + (x — w)/t)£(w - tz). 

Since for N > 2 there is a constant C > so that UvHl 1 ^™) < C f° r all y? G V° N and 
Lemma 4.1, we have 



\ieJ ) 



< CX. 



Finally, we estimate f*& t (w). There are two cases: lit < 2~( 11+n )/fc, then f*& t (w) = 
0, because £ vanishes in Q* k and ip t is supported in B(0,t). On the other hand, if 
t > 2~( u+n Hk, then there exists a positive constant C such that supp$ C B n and 
j | <T> j | x> w < C. Hence, 

\(f*<f> t )\<M N f(w)\\<f>\\ VN <C\. 
By the above estimates, we have 

|(/-5>W*| <ca. 

ieJ 

That is, 

M%((f-Y,bi))(x)<C\. 

ieJ 

Thus, Lemma 4.8 is proved. 

Lemma 4.9. Let uj G A 1 ^, q u be as in (2.3) and p G (0, 1]. 

(i) If N > s > [nq^/p] and M N (f) G ^(R n ) ; then Mn{9) G Ll(R n ) and there 
exists a positive constant C$, independent of f and X, such that 

I \Ml{g){x)Yuj{x)dx<C,X l - p I [M N {f){x)fuj{x)dx. 

(ii) If N > 2 and f G (R n ) ; then g G L^(R n ) and there exists a positive constant 
Co,, independent of f and X, such that \\g\\L°° < C 9 X. 
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Proof. Since / G h^j N (R n ), by Lemma 4.6, converges in N (R n ) and 

there in V'(R n ) by proposition 3.1. Observe that s > [nq u /p], by Lemma 4.8, we 
obtain 

r r i(n+s+i) 

JjM° N (g)(x)]uj(x)dx<CX^ ^ + ^_ x ^ {n+s+1) X{ \ x - Xi \<c 3} (x)uj(x)dx 

+ / [M N (f)(x)]uj(x)dx 



<C\«J2"(Q*i)+ [M N (f)(x)}co(x)dx 

< CXu{Q) + CX 1 -? I [M N {f){x)] p u{x)dx 

< CX 1 -? I [M N (f)(x)] p uj(x)dx. 

Thus, (i) holds. 

Moreover, if / G L^(M n ), then g and {bi} are functions, and Lemma 4.7, Y^i k 
converges in L^(R n ) and thus in V'(R n ) by Lemma 2.4. Write 

= = /(i-E^) + E ^ = + E ^ 

By Lemma 4.3, we have |<7(x)| < CX for all x G fi, and by Proposition 2.3, 
|<?(o;)| = \f{x)\ < M. N f\x) < X for almost everywhere x G VL C , which leads to 
that 1 1 <? 1 1 Ljp (k" ) — an( i thus yields (ii). The proof is finished. 

Corollary 4.1. Lei w G A 1 ^ and be as in (2.3). If q G (g w ,oo) 7 iV > 
andp G (0, 1], £/ien /^ iiV (K n ) f| Ll(R n ) is dense in h^ yN (R n ). 

Proof. Let / G hl N (R n ). For any A > M n M N f{x), let f = g x + J2ib x be the 
Calderon-Zygmund decomposition of / of degree s with [ng^/p] < s < N and 
height A associated to Mn/- By Lemma 4.6, 

II E^IU" < c / [a^/WIM*)**- 

T " AzeR™:.M J v/(£)>A} 

Therefore, g x f in h^ N (M. n ) as A ->■ oo. But by Lemma 4.9, Mn(q X ) G L^(K"), 
so by Proposition 2.2, g x G (K™). Thus, Corollary 4.1 is proved. 

5. Weighted atomic decompositions of N {R n ) 

We will follow the proof of atomic decomposition as presented by Stein in [16]. 

In this section, we take k G Z such that 2 fc °~ 1 < inf M N f(x) < 2 fe °, if 

mi n M N f(x) = 0, write k = -oo. Let lu G A 1 ™, q^ be as in (2.3), p G (0,1] 
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and N > s = [nq u /p]. Let / G h%j N (R n ). For each integer k > ko consider the 
Calderon-Zygmund decomposition of / of degree s and height A = 2 k associated to 
M N f, 

/ = <7* + Etf, 

where 

n k := {16I": M N f(x) > 2 fc }, Q k := Q J? 

and b k := (/ - P k )r]f if /f < 1 and b k := if l k > I. 

Recall that for fixed k > k , (x, = ) ieN is a sequence in and (/j = Zf ) ieN 
for Q = Q k , rji = r\\ given in Section 4 and Pj = P* is the projection of / onto P s 
with respect to the norm given in Section 4. 

Define a polynomial Pjj +1 as an orthogonal projection of (/ — P k+1 )r]j on V s 
with respect to the norm 

that is P k+1 is the unique element of V s such that 

/ (f(x)-P k+1 (x))r ] k (x)Q(x)r ] k+1 (x)dx = [ P k+1 (x)Q(x)r] k+1 (x)dx. 

For convenience we denote Q k * = (l + 2~^ +n ^)Q k , E x = {i G N : > l/(2 4 n)} and 
E 2 = {i G N : |Qi| < l/(2 4 n)}, F 1 = {i G N : |Q;| > 1} and F 2 = {i e N : \Q t \ < 1}. 

There are two things we need to know about the polynomials Pjj +1 - First, 
P k+1 ^ only if Qf f] Qj +1 * ^ 0; this follows directly from the the definition of 
P^ +1 ( since it involves rj k+1 , which is supported in Qi +l *)- More precisely, we have 
the following results. 

Lemma 5.1. Note that Q k+1 C Q k , then 

(i) IfQ k *f]Q^ +U 0, then l k+1 < 2 A ^h~l k and Q k+1 * c 2 6 nQ k * C Q k . 

(ii) There exists a positive L such that for each j G N the cardinality of {i G N : 
Qi* Qj +U ^ is bounded by L. 

Lemma 5.2. If l k+1 < I, 

^\P^\y)n k+ \y)\<C2 k+1 . (5.1) 

ym n 

Lemma 5.3. For every k G Z, X/( X/ = ^, where the series 

iGN jr'GF 2 

converges pointwise and in V'(R n ). 
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Lemmas 5.1-5.3 can be proved by the methods in Lemmas 6.1-6.3 in [1]. 

The following lemma establishes the weighted atomic decompositions for a 
dense subspace of h^ N (R n ). 

Lemma 5.4. Let to G A 1 ^ and q w be as in (2.3). If p E (0,1], s > [nq^/p] 
and N > s, then for any f G (L^(R n ) f)hZ N (R n )), there exists numbers A and 
{Af}fc eZj j C C 7 (p, oo, s) u - atoms {a k }kei,i and single atom a such that 

fcGZ i 

where the series converges almost everywhere and in V(R n ), moreover, there exists 
a positive C, independent of f , such that E \^i\ P + l A o| p < C||/IU P N (R n )- 

Proof. Let / G (Ll(R n ) f] h p u<N (R n )). We first consider the case k = -oo. For 
each k G Z, / has a Calderon-Zygmund decomposition of degree s > [nq w /p] and 
height 2 k associated to MnU),} = 9 k + J2ib k as above. By Corollary 4.1 and 
Proposition 3.1, g k ->■ / in both h^ N (R n ) and T>'(R n ) as k ->■ oo. By Lemma 4.9(h), 
||(7 fc || L P( R n) — > as /c — >• — oo, and moreover, by Lemma 2.2 (ii), g k — > in D'(lR n ) as 
— >■ — oo. Therefore, 

oo 

/ = E (9 k+1 ~ 9 k ) (5.2) 

fc=— oo 

in X>'(R n ). Moreover, since supp(Y^,ib k ) C and oo(Qk) — > as k — > oo, then 
g k — >■ / almost everywhere as A; — >■ oo. Thus, (5.2) also holds almost everywhere. 

By Lemma 5.1 and EiV k b k+1 = Xn k b k+1 = b k+1 for all j, then EiV k b k+1 = 
X u k b k+1 = b k+1 for all j, 



gk + l _ gk 



(/-E*r)-(/-E&?) 
E^-Er 1 



i 



= E 

i 



b k - E b * +1 v* + E ^ + \* 

jeF* jeF* 



where = {i G N : |Qf | > 1} and F 2 fc = {« G N : < 1} and the series converges 
in T>'(R n ) and almost everywhere. Furthermore, we rewrite h k into 

h k = fX(n k+1 rV k ~ P k V- +T, P " +1 V k V k+1 + E /f '/{"'• 

i jeF 2 
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By proposition 2.2, < A^at/(x) < 2 fe+1 for almost everywhere x G (Qk+i) c , 

and by Lemma 4.2 and (5.1), 

lk*IU~(R») < C2 k for % E N. (5.3) 

Next we consider three cases about i. 
Case I. When i e F b we have 

h\ = M + E + E (/ - ^ +1 )^ + \ fe + E 

jeFi jeF-2 jeF 2 

Case II. When i e E 1 f) F 2 , we have 

hi = (f- pM + E H +1 v* + E (/ - ^f +1 H fc+ \ fc + E 

Case III. When % e E 2 , if j e F u then Zf < l k+1 /{2 4 n), so Qf = by 

Lemma 5.1 (i). Thus, we have 

h\ = (/ - if k fc + E /^ + V + E (/ - p? +1 H +1 v* + E 

j&Fx jeF 2 j£F 2 

= (/ - p?)v? + E (/ - ^ +1 H fc+ \ fe + E ^ + \ fe+1 > 

We next let 7 = 1 + 2" 12 " n . 

For Cases I and II. Obviously, h\ is supported in a cube Q\ that contains Qf* 
as well as all the Q k+1 * that intersect Q\*. In fact, observe that if Qi*f]Qj +1 * 0> 
by Lemma 5.1, we have 

So, if Zf < £71/(7 - 1), we set 

Q\ := 2 % nQf. 

On the other hand, note that < 1 and l\ > 2~ n -\ then Q k+1 * C Q(x k ,l k + Ln). 
So, if Zf > £71/(7 - 1), we set = 7<3j- Hence, 



Q* +1 * C Q(x k , l k + Ln) C Q k = 7Q* = Q k * C 
if I*>Ln/(7-l). 

From these, for Cases I and II, there exists a positive constant C10 such that 
Ql C and < C w u(Q k *). 

But, Zi^ does not satisfy the moment conditions. 
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k* 



For Case III. We claim that h k is supported in a cube Q\ that contains Q 
as well as all the Q k+1 * that intersect Qf . In fact, observe that if Qf f)Qj +1 * ^ 0, 
by Lemma 5.1, we have 

Q k+1* c 2 6 nQ k* c 

So, we set := 2 6 nQf . Note that l k+1 < 1 and I) < 1, then 

C and < Ciow(g?*). 



Moreover, /if satisfies the moment conditions. This is clear for (/ — P k )i] k and 

(/-^ +1 H fc+ V + ^ + V +1 . 

Let \ k i = C w 2 k [u(Q k )] 1 / p and a k = {Xf^hf Moreover, by (5.3) and above 
Cases I, II and III, we know that a k is a (p, oo, s)^-atom. By u £ A l ° c and Proposition 
2.1(i), we have 

E E M\ p < c E E 2 fe Mgf ) < c E E 2k MQf ) 

fcez 

We now consider the case k > — oo, which together with / e ^^(R") implies 
w(]R n ) < oo. Adapting the previous arguments, we have 

oo 
k=ko 

For the function /, we have the same (p, oo, s) w atomic decomposition as above and 

EEI\ fe l p < cil/llfe 

For the function g k °, it is easy to see that there exists a positive constant C\\ such 
that 

||<? fe0 ||L~(««) < C n 2 fc0 < 2C 11 inf n M w /(x). 



Let 

Hence, 
Then, 



ao(a;) = g ko (x)2~ ko C n 1 [cu(R n )]- 1 / p , A = C 11 2 fc °[o;(]R n )] 1 /f . 
|A o r < (2C n ) p \\f\\ p h , n0et) , and ||a ||^ (R .) < Mr")]" 1 /*. 



EEi^r+iAoi^cn/i^^. 



The proof of Lemma 5.4 is complete. 

Remark 5.1: In fact, from the proof of Lemma 5.4, we can take all (p, oo, s) 
atoms with sidelengths < 2 in Lemma 5.4. 

The following is one of the main results in this paper. 
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Theorem 5.1. Let to G A 1 ™ and q u be as in (2.3). If q G (q u , oo],p G (0, 1], 
N > N p , w , and s > [n(qjp - 1], toen /i™»(R») = h p ^ N (R n ) = h p ^ Np jR n ) with 
equivalent norms. 

Proof. It is easy to see that 

h p J^(R n ) C h^ s (R n ) C h^ Np jR n ) C ^(iT) C K^R n ), 

where s is an integer no less than s and N is an integer larger than N, and the 
inclusions are continuous. Thus, to prove Theorem 5.1, it suffices to prove that for 
any N > s > [qjn], h p ^ N (R n ) C h%°°> s (R n ), and for all / G h p ^ N (R n ), \\f\\ h ^ {Rn) < 
C\\f\\h^ N (R")- 

To this end, let / G h p w N {R n )- By Corollary 4.1, there exists a sequence of func- 
tions, {/ m } meN C (h p ^ N {R n )(Ml{R n )), such that WfmWhl^) < 2" m < WfWhi^) 
and / = f m in /i^ iAr (lR n ). By Lemma 5.4, for each m G N, f m has an atomic 

decomposition / m = £ i6No K a T in ^(R"), where £ igNo \K\ P < c \\fm\\ P h p fR „) and 

uj,N V ' 

{a™} ieNo in £>'(R n ), where £ i6No I^H P < C||/m||?p fRn1 and {af } i6No are (p, oo, s) w - 
atoms. Since 

mGN ieNo m.6N 

then / = £ m6No E ieNo >H< e and ||/|U & -„ (MTl) < C||/|Up^ (k „). Thus, 

Theorem 5.1 is proved. 

For simplicity, from now on, we denote by h p J (R n ) the weighted local Hardy 
space h p jN (R n ) associated with u, where N > N PjUl . Moreover, it is easy to see 
that C L^(M n ) via weighted atomic decomposition. However, the elements in 
ft£(R n ) with p(0, 1) are not necessary functions thus h p J (R n ) ^ (R n ). But, for any 
q G (q u ,oo), by Lemma 5.4 and pointwise convergence of weighted atomic decom- 
positions, we have (h p J (R n ) f|-^i(M n )) C L^R 11 ), and for all / G (h p J (R n ) f| L^(M n )), 

||/||l£(R») < ||/||h£(R»)- 

6. Finite atomic decompositions 

In this section, we prove that for any given finite linear combination of weighted 
atoms when q < oo, its norm in /?£,(R n ) can be achieved via all its finite weighted 
atomic decompositions. This extends the main results in [13] to the setting of 
weighted local Hardy spaces. 

Let bj G A 1 ^ and (p, q, s) u be an admissible triplet. Denote by h p ^ q j: S in {R n ) the 
vector space of all finite linear combination of (p, q, s) w -atoms and single atom, and 
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the norm of / in h^j^ n (R n ) is defined by 

k 

: / = E A i a i> k e N o, RX*=i are (p, q, s) u - 

3=0 

atoms with sidelenghths < 2, and ao is a (p, g) w single atom} . 

Obviously, for any admissible triplet (p, q, s) u atom and (p, q) u single atom, the set 
Kljini^ 11 ) 1S dense in h^j q ' s (R n ) with respect to the quasi-norm || ■ \\ h p^ ( R n). 

Theorem 6.1. Let uj G A 1 ™, q^ be as in (2.3), and (p, q, s) u be an admissible 
triplet with sidelenghth < 2. If q G (q u ,oo), then \\ ■ \\h p ^ s (r«) <™<^ || • ||/i£(r«) are 
equivalent quasi-norms on h p ^ q f in {R n ). 

Proof. Clearly, ||/||^( K n) < ||/IU^ n (R™) for / G h p J q f in (m n ) and for q G (g w ,°o). 
Thus,we have to show that for every g in oo) there exists a constant C such that 
for all / G h p J%(R n ) 

ll/IU^/i„( RB ) - c WfWf&<* n )- (°) 

Suppose that q G (q u ,oo) and that / is in h p J^ S j in (R n ) with ||/||^p( R n) = 1. In this 
section, we take k G Z such that 2 fc °~ 1 < inf M N f(x) < 2 k °, if inf M N f(x) = 0, 
write k = — oo. For each integer k > k , set 

Sl t E{iG R n : M N f(x) > 2 k }, 

where and in what follows N = N PjU . We use the same notation as in Lemma 5.4. 
We first consider the case k = — oo. Since / G (h^R 71 ) (^L^R 71 )), by Lemma 5.4, 
there exists numbers {\ k }k£z,ien C C and (p, oo, s) w -atoms {af}fc iieN , Ao C C such 
that 

k i£N 

holds almost everywhere and in C(R n ), and (i) and (ii) in Lemma 5.4 hold. 

Obviously, / has compact support. Suppose that supp/ C Q(x ,r ). We write 
Q = Q(x , 2 3 ( 10+ri V + 2n). For ip in V N and x G M n \ Q, for < t < 1, we have 

¥>t * /(a:) = 0. 

Hence, supp £ fc E i€ N Afc* C Q. 

We claim that the series J2kJ2ien ^i a i converges to / in L^(M n ). For any 
x G R n , since M n = \J kez (il k \ Jljt+i), there exists j G Z such that x G (fl,- \ fij+i). 
Since suppaf C C C ^j+i for k > j, then applying Lemmas 5.1, 5.2 and 
Lemma 5.4, we have 

I E E ^i a i \ < C E 2" < < CM N f(x). 

k i£N fc<j 



fePl , ? (Rn) = inf 



El A i 

j'=o 
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Since / G L1(R n ), we have A4nJ £ L^(R n ). The Lebesgue dominated convergence 
theorem now implies that J2k Sign ^i a i converges to / in L^(R n ), and the claim is 
proved. 

For each positive integer K we denote by F K = {(i,k) : k, \i\ + \k\ < K} 
and fx = J2(i,k)eF K -^i a i- Observing that for any e G (0, 1), if K is large enough, 
by / G L%, we have (/ - f K )/e is a (p L q, s) w -atom. Since (/ - /^)/e G Q = 
Q(rr ,2 3 ( 10+n V + 2n), so we can divide Q into iVo (depending only on r and n) 
disjoint cubes {Qi\^2\ with sidelengths 1 < k < 2. Then, (/ — /x)XQ 4 / e is a 
(p, g, s) w -atom for i = 1,---,N . Thus, f = f K + E?=i(f - /k)xo< is a linear 
weighted atom combination of /. Taking e = Nq 1 ^ and by Lemma 5.4, we have 

ll/IU^„(-)< E m p + N e*<C. 

(i,k)€F K 

We now consider the case ko > — oo. Since / G (/^(R™) f| L^R™)), by Lemma 
5.4, there exists numbers {Af }k&,ien C C and (p, oo, s) w -atoms {af}fe>fc ,jeN, A C C 
and the (p,oo) u singe atom a such that 

/= EE ^< + A o«o 

fe>fc «GN 

holds almost everywhere and in V(R n ), and (i) and (ii) in Lemma 5.4 hold. As the 
case k = — oo, we can prove that the series J2k>k Z)igN ^i a i + ^o°o converges to / 
in Ll(R n ). 

Finally, for each positive integer K we denote by Fx = {{i, k) : k > ko, \i\ + 
\k\ < K} and f K = E(i,k)&F K Afaf + A a . If K is large enough, then \\f-f K \\L^) < 
[u}(M n )] 1 / q ~ 1 / p . So, (/ — f K ) is a (p,q) u single atom. By Lemma 5.4, we have 

ll/lk^<«»)< E M\ p + K<c. 

(i,k)€F K 

Thus, (6.1) holds. The proof is finished. 

As an application of finite atomic decompositions, we establish boundedness 
in h^(R n ) of quasi- Banach- valued sublinear operators. 

As in [2], we recall that a quasi-Banach space B is a vector space endowed 
with a quasi-norm || ■ ||g which is nonnegative, non-degenerate (i.e., = if 

and only if / = 0), homogeneous, and obeys the quasi-triangle inequality, i.e., there 
exists a positive constant K no less than 1 such that for all f,g G B, \\f + g\\e < 

K(\\f\\ B +\\g\\ B ). 

Let (3 G (0, 1]. A quasi-Banach space Bp with the quasi-norm || • \\ Bfj is said to 
be a /3-quasi-Banach space if || / + g\\% p < \\f\\^ + \\gf B(j for all f,ge Bp. 

Notice that any Banach space is a 1-quasi-Banach space, and the quasi-Banach 
space I 13 , L^(R n ) and h^(R n ) with f3 G (0, 1) are typical /3-quasi-Banach spaces. 
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For any given /3-quasi-Banach space Bp with (3 G (0, 1] and a linear space y, 
an operator T from y to Bp is said to be i^-sublinear if for any /, g G Bp and 
A, v G C, we have 



||T(A/ + ^)|| Bfl < (lA^Hn/)!!^ + \uf\\T(g)\Q 



V/3 



and ||r(/)-T07)|| B ,<||r(/- ff )|| B/ ,. 

We remark that if T is linear, then T is i^g-sublinear. Moreover, if Bp = 
LJ(K n ), and T is nonnegative and sublinear in the classical sense, then T is also 
f^-sublinear. 

Theorem 6.2. Let u G A l £, < p < /3 < I, and Bp be a /3 -quasi-Banach 
space. Suppose q G (q u , oo) and T : h^Jj^ n (R n ) Bp is a Bp-sublinear operator such 
that 

S = {||T(a)|| B(3 : a is any (p, q, s) u — atom with sidelength < 2 

or (Pi q)u> single atom} < oo. 

Then there exists a unique bounded Bp-sublinear operator T from h^(R n ) to Bp which 
extends T. 

Proof. For any / G h P J q ^ n {R n ), by Theorem 6.1, there exist numbers {Aj}' =0 C C 
and (p, q, s) w -atoms {aj}^ =1 and the (p, q) u single atom a such that / = Y?j=o ^j a j 
pointwise and X^ =0 \^j\ p < C|I/II^(m™)- Then by the assumption, we have 



\T{f)\\ Bs <C 



1/p 



< C\\f\\ h P^ R ny 



Since h p ^ q f in {R n ) is dense in /i^,(E n ), a density argument gives the desired results. 

7. Applications 

In this section, we study weighted L p inequalities for strongly singular integrals and 
pseudodifferential operators and their commutators. 

Given a real number 9 > and a smooth radial cut-off function v(x) supported 
in the ball {x G M n : \x\ < 2}, we consider the strongly singular kernel 

e i\x\- 9 

Let us denote by Tf the corresponding strongly singular integral operator: 

Tf(x) = p.v / k(x - y)f(y)dy. 
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This operator has been studied by several authors, see [11], [21], [6], [4] and [8]. 
In particular, S. Chanillo [4] established the weighted L^(]R n ) boundedness for 
strongly singular integrals provided that oo G A p (~R n ) (Muckenhoupt weights) for 
1 < p < oo. J. Garcfa-Cuerva et al [8] obtained weighted L p estimates with pairs of 
weights for commutators generated by the strongly singular integrals and the clas- 
sical BMO(R n ) functions. We have the following results for the strongly singular 
integrals. 

Theorem 7.1. Let T be strongly singular integral operators, then 
(i) \\Tf\\ L U^) < Cp,J/lk( R «) for K p < oo and oo G A l p oc . 
(*) \\Tf\U °°( K n) < Cw||/||li(m™) for oo G A l ° c . 
(Hi) ||T/|| L i (Rn) < a||/|Ui (K «) for oo G A[° c . 

Proof. We first note that for u G A p the inequality (i) is known to be true, see [4]. 
For ui G A l ° c , by Lemma 2.1 (i) for any unit cube Q there is a Co G A p so that Co = uj 
on QQ. Then 

\\ T f\\L p 0J (Q)= II T (X6q/)||l£(Q) 

< \\T(x*Qf)\\l&Q) 

< C||(X6Q/)|Ug(M«) 

< C\\f\\ LU6Q) . 

Summing over all dyadic unit I gives (i). 

For (ii), similar to (i), note that for oo G Ai the inequality (ii) is known to be 
true, see [4]. Since uj G A l ° c , by Lemma 2.1 (i) for any unit cube / there is a Co G A\ 
so that u = oo on QQ. Then for any A > 

oo({x G Q : \Tf(x)\ > A}) < oo({x G Q : \T( X6Q f)(x)\ > A}) 

= oo({xeQ:\T( X 6 Q f)(x)\>\}) 

= c\- 1 \\f\\ Lh((iQ) . 

Summing over all dyadic unit Q gives (ii). 

Finally, to consider (iii). Let a(x) be an atom in /i^(R n ), supported in a cube 
Q centered at x and sidelength 5 < 2 by Remark 5.1, or a(x) is a single atom. To 
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prove the (iii), by Theorem 6.2, it is enough to show that 

II^«I|li(r«) < c, (7.1) 

where C is independent of a. 

It is easy to see that (7.1) holds while a(x) is a single atom. It remains to 
consider this kind of atom supported in a cube Q centered at x and sidelength 5. 
In deed, let S be a number satisfying A5 = 5q^ 1+6 \ Obviously, 5 < 1. 

Case 1. 2 > 5 > 5 . This is the trivial case. Let Q* = (10n/S )Q. Now 

/ \Ta\ui(x)dx — / \Ta\u>(x)dx + / \Ta\u(x)dx = / \Ta\u(x)dx. 

jR n Jq* Jm. n \Q* JQ* 

Obviously, 



J \Ta\u(x)dx < C (^J \Ta\ p oo{x)dx S j (^J uo{x)dx 

<cQ \a\ p uo{x)dx^j IP uj{x)dx^j l ' P (7.2) 



< Cu(Q)-W (J u(x)dx) P < C. 
Case 2. 5 < 8 . We let Q* = 4Q and Q = Q(x , tfVa+o)). Then 

/ \Ta\u)(x)dx < / \Ta\u}(x)dx + \Ta\u(x)dx + / \Ta\u(x)d 

JR n JQ* JQ\Q* Jmp\Q 

:= I + II + III. 

For /, similar to (7.2), we have 

1 < C (J \Ta\ p u(x)dx^j llP (jf u(x)dx^j l ' P < C. 
We now estimate the term III. Clearly, by the mean value theorem, 

\ Ta ( x )\ < | x _^|e+n+i ^l*-*ol<4n}(30 J q Hy)\dy 
C5 

— ~ ~ \d + n+l^{\ x - x o\<^}{ x ) 



\X — Xq\ 



x(^J \a(x)\ p Lo(x)d x y /P (^J [uj{x)]- p ' lp dx^ IP 
C5 . , \Q\ 



^ \ X - X{j \0+n + lM\x-M<±n}{x)^ Q y 
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Hence, by the properties of A l ° c (see Lemma 2.1), we have 



Oj(Q) J5 1 /( 1 + e )<\x-x \<An \x — Xq\ 

< C5\Q[^ 1 7 1 f rw N 
<C, 

where ko and k\ are positive integers such that 2 k °5 < S 1 ^ 1 ^ < 2 kt>+1 5 and 2 fcl_1 < 
An < 2 hl . We now estimate the term II. For x G Q\Q* 



Ta 



f\ x y\ e v(x — y) 



\x-y 



n(2+9)/r' 



X \ \ X - y\n(l-(2+6)/r') \ Xq _ x \n(l-(2+e)/r>) J a (v) d V 

r S x -^ B v{x - y) a(y) 

V \x-y\< 2 + e )/r' \ Xq - X \n(l-(2+e)/r>) ay 

= A(x)+B{x), 

where r' is taken so close to 1 to guarantee that 2 + 9 < r. Applying the mean value 
theorem to the term in brackets in the integrand of A, and noting that for y G Q, 
and x G Q \ Q*, \x — y\ > c\x — xo\, we have 

CS . . r . , , ^ C\Q\ , s \Q\ 



\ A ^\ ~ \ x _ a . |n+l X{l»-»o|<4n}(g) j Q Hv)\dy < ^ _ x ^ n+1 X{\x-x \<4n}(x)-^ 

Therefore, 



/ 

J8<\x- 

Lo{x) 

2+e)/r') UX 

l/r> 



Uj(Q) J8<\x-x \<in \x — X \ n+1 

+C / \K 8r *a\-. 7)7\o^/ i\ dx 

J5<\x-x \<SU^+e) 1 °' r 1 \x - x\ n{ ±-(- 2+e )/ r ) 



/ /■ \ Vr / /■ o;(t/) r 

W ' ' ' / \J6<\x-xo\<5W+0) \x ~ x| n ( 1- ( 2+e )/ r ) 

<c, 

where 2 fc °~ 1 5 < (^/(i+fl) < 2 fc °<5, K e>r (x) := ^(^/r , and we used the following fact 
(see [4]) 

\\Ke,r * ZIU^M") < ^r||/|| L r' (R n), r > 2 + #. 
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Thus, Theorem 7.1 is proved. 

We now introduce BMOi oc of locally integrable functions with bounded mean 
oscillation which has a intimate relationship between the A l ° c weights. Namely, 

WHbmo'oc ■= sup -!- f \b - b Q \ dx < oo, 
|Q|<1 \Q\ JQ 

where b Q = ± J Q f(x) dx. 

It is easy to see that, we have the following result. 

Lemma 7.1. Fix p > 1 and let b G BMO loc . Then there exists e > 0, 
depending upon the BMO loc constant ofb, such that e xb G A l ° c for \x\ < e. 

Lemma 7.2. Let b G BMO loc , then there exist positive constants c\ and C2 
such that for every cube Q with \Q\ < 1 and every A > 0, we have 

\{xeQ:\b(x)-b Q \>X}\< Cl \Q\e W \-—-^ ). 

As a consequence of Lemma 7.2 and Lemma 2.1, we have the following result. 

Corollary 7.1. Let b e BMO loc and cu e A^ c ; i/ien ^/iere exzsi positive 
constants C 3 and C 4 snc/i i/iai for every cube Q with \Q\ < 1 and every A > 0, we 
/iawe 

u{{x E Q : \b(x) - b Q \ > A}) < c 3 uj(Q) exp \ - — 1 . 

t ll°l|SMO !oc (R™) J 

As an application of Corollary 7.2, we have 

Proposition 7.1. Let b G BMO loc , 1 < p < oo, and u G A^ c ; £/ien there 
exists a positive constant C such that for every cube Q with \Q\ < 1 

-i^y j Q \b(x) - b Q ru{x)dx < C\W BMQloc . 

We now consider in this paper commutator of Coifman-Rochberg- Weiss [b, T] 
defined by the formula 

[b,T]f(x) = b(x)Tf(x)-T(bf)(x) = Jjb(x)-b(y))k(x-y)f(y)dy. 

As in the case of strongly singular integrals, we have 

Theorem 7.2. Let b G BMO loc (^ n ) and T be the strongly singular integral 
operators , then 

(i) II[ & > t ]/IIl£(k") < Cp,«||6||BAfO loc (R»)||/IU£(R») fori < p < oo and u e A l ° c . 
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(%%) ||[6,T]/|| L i,^ (Rn) < C w ||&||BAfo loc (R»)||/IUi(R») for we A[ oc . 

Proof: By of Lemma 7.1, there is rj > such that o/ 1+r? ) £ Ap OC . Then, we choose 
5 > such that exp(sSb(l + r])/rj) e Ap OC if < s(l+rj)/r] < 5 with uniform constant. 
For zeCwe define the operator 

We claim that 

II t 2 /IIl£(e") < c||/IUs(K n ) 

uniformly on |z| < s < 5r]/(l + rj). 

The function z — > T z f is analytic, and by the Cauchy theorem, if s < Sr]/(1 + 

v), 

±T z f\ z - = —[ ^-dz 
dz 2 z ~ 2-iri J\z\=s s 2 

Observing that 

j-TJ\ z=0 =[b,T]f 
and applying the Minkowski inequality to the previous equality, we get 

IIM/lkd-) < h l\ J Tzf !i LPH ldzl - tII^H^-)- 

It remains to prove the claim, which is equivalent to 



\ Vp 

/ |T/(x) | p ea;p(^(^)g6(a;))a;(a;) cia; 

R n / 

< C f / |/(x)| p exj9(^(2)p6(a;))a;(a;)rfa; X " 



(7.3) 



We write u := exp(1Z(z)b(l -|- 77) / 77) and Wi := Since u and Wi G Ap OC , we 

have 

/ \Tf(x)\ p u (x)dx) <C( \f(x)\ p u (x)dx) 
and 

\ Vp / r \ 1 / p 



/ iTfix^u^dx) P <C([ IfWunWdx 
Now, by Stein- Weiss interpolation theorem, we have 

\Vp _ / r ...... n_m a . \Vp 



iT/^l'wf-V^) " < C (/ Rn |/(x)|'4 1_ V^)' 
and taking j3 — (1 — I— 77) 1 , then we obtain (7.3). Thus, (i) of Theorem 7.2 is proved. 
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For (ii), Let the function a,j(x) is a h^R 71 ) atom and supp dj C Q(xj,rj), and 
a is a single atom if u(R n ) < oo, we then have 

uj({xeR n : \[b,T]f(x)\ > A}) = co({x G R n : | ]T A, [6, 7>j(a;)| > A}) 

jen 

< tu({x G R n : | X A b , T ] a j( x )\ > A / 3 )) 

+co({x G R n : | X A b , T ] a j( x )\ > A /3}) 

+oo({x G R n : \X [b,T]a (x)\ > A/3}) 
:= F x + F 2 + F 3 , 

where E 1 = {j G N : < 5 } and _E 2 = { j G N : 2 > r 3 - > #o} an d <5o be a number 
satisfying 45 = 5q^ 1+ ^. Obviously, Sq < 1. 

For F 1; let = ^ b(y)dy. Note that 

2 ^■[ 6 > 7 1 a i( a; )= Z ^■[ 6 - 6 j> 7 1 a j( a: ) 

Thus, by (i) of Theorem 7.2 and Theorem 7.1, we obtain 



IMz)|>A/9})<y £ | A,- 1 1 1 ( 6 - 6,- ) (Ta, ) X 4«Q J Ui ) 
C 

A jeE, 
C 

C 

< -^\\ b \\BMOt°4f\\hl(K")- 
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By the weighted weak type (1,1) of T (see Theorem 7.1 (ii)) and Proposition 7.1, 

we get 

u({xeR n : \F 13 (x)\ > A/9}) < y ]T | A,| ||(6 - ftj-KIUi (««) 

c 

< y S l A illl & llsMo'- 
C 

Now we consider the term Fi 2 (x). Obviously, 
u{{x e R n : \F 12 (x)\ > A/6}| < A" 1 V |Aj| / T((6(x) - b j )a j )(x)u(x)dx. (7.4) 

We claim that 



/ T((b(x) - bj)aj)(x)uj(x)dx < C 



holds for all atoms a,j for j E Ei. For convenience, we denote Oj by a, Qj(xj,rj) by 
Q(x , 5) and 6^ by b Q for j e E 1 . 

We let Q* = 4Q and Q = Q(x , 5 1/{1+e) ). Then 



/ \T(b — b)a\u(x)dx < / \T(b — bn)a\u)(x)dx 
Jm n JQ* 

+ /_ \T(b — bn)a\u(x)dx + / \Ta\u>(x)d. 
Jq\q* ' JR n \Q 

:= I + 11 + III. 
For /, similar to (7.2), we have 

/ < C Q \T(b - b Q )a\ p co(x)dx^ (^J u(x)dx^j ^ < C. 



We now estimate the term III. Clearly, by the mean value theorem, 

C5\b(x) — bn\ r 
\T(b - b Q )a{x)\ < 0+n+1 X{\x-x o \<4n}(x) \a{y)\dy 



^UjU^J - UQ\ , s 

— U „ 10+n+l X{\x-x \<4n}{X ) 



C5\b(x) - b c 

X — Xq\ 1 

x(^J \a(x)\ p io(x)d y y P [u(x)}- p ' /v dx^ llP 



C5\b(x)-b Q \ \Q\ 

- TZ Z W+n+l X{\x-x \<4n}{X)- 



~ \X - Xo| e+ " +1 W-^^-'^QY 
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Hence, by the properties of A l °° (see Lemma 2.1), we have 

IH < cm r \b{x)-b Q \uj{x) dx 

~ u(Q) Js 
C5\Q\ 



\b(x)-b Q \ 


ou(x) 




X — Xq\ 


e+n+i 



f 1 [ 1 f \Kx)-b Q \u(x) 
tt (2 k Sy+ 9 { (2 k 5) n J\ x - X0 \<#s \x - x \ e+n+1 



=ko 

<c, 

where k and k x are positive integers such that 2 k °5 < 5 1 /( 1+6 ') < 2 ko+1 5 and 2 fcl_1 < 
An < 2 kl . We now estimate the term II. For x G Q\Q* 



Ta(x)= [ 

JW 1 



e A x y\ 6 y^x — y) 

\ x — y\n(2+8)/r> 
X ( | X -y|n(U + ^) " |xo-x|"a-(^) ) ^ " 



k-J/l" 



v(x - y) - b Q )a(y) 



+ J Rn \ x -y\np+e)/r> \ Xo - x \n(l-(2+8)/r>) dV 

= A(x) + B(x), 

where r' is taken so close to 1 to guarantee that 2 + 6 < r. Applying the mean value 
theorem to the term in brackets in the integrand of A, and noting that for y G Q, 
and x G Q \ Q*, \x — y\ > c\x — xo\, we have 

, . . . CS\b(x) — bn\ , . f . , . . , 

\A{x)\ < -r — |w+1 X{|x-x |<4n}(g) / 

^ C5\b{x)-b Q \ \Q\ 

- ~1Z ~ ln+1 X{\x-xo\<4n}{X)- 



Therefore, 



jj^CSMf \b(x)-b Q \u(x) dx 

~ Uj(Q) JS<\x-x \<An \X — X \ n+1 

+C[ \Ke r *a\ [ Hx) ;^l, dx 

1/r ( r \b{ x )-b Q \u{xY 



<C + c(^J \K e ,r * a\ r dx^j ^jf 



1/r' 



*<|x-x |<* 1 /< 1 + fl ) ko - x| n ( 1 -( 2+e )/ r ') 



< c. 



Thus, the claim is proved. 
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From (7.4), we have 

u{{x e R n : \F 12 (x)\ > A/9}) < CX' 1 ]T |A,| < CX' 1 \\f\\ K (Rn) . 

It remains to consider the term F 2 . In fact, it is very simple. Let Q* = ^Qj- Note 
that for any atom cij 



| [6, T]a,j\u}(x)dx = / \[b,T]aj\u(x)dx. 



Note that u{Q*) < Ccu(Qj), we then have 



F 2 = u({x E R n : | X A b i T ] a j( x )\ > A / 3 )) 



j£E 2 



< 52 I A jI / |[&,T]a ? -|w(x)rfx 

< 52 l A jl f J[b,T] aj \uj(x)dx 



j€E 2 



<A" 1 S;|A i |||[6,rio i ||^ (R -)[a;(Q;)] 1 ^ 

< C\\b\\ BMO iocX' 1 E \ x j\\\ a j\\Li(v^)[^>{Qj)] 1/2 

j€E 2 



<C\\b\\ BMO loc 

It remains to estimate the term F 3 . 

,|A 



F 3 < C 1 -^ f I [b, T}a(x) \u(x)dz 

X JR n 



<C^||[6,T]a|| L , (K „ ) [a;M]^ 



<C^||a|| L , (R „ ) MM")]V2<C^. 

From these, we have 

^({x e R" : |[6,T]/(x)| > A}) < E |{x G R n : > A/9}| 

i=i 

G R n : |F 2 (a;)| > A/3}) 
+u({x E R n : |F 3 (x)| > A/3}) 

C 

< -^\\b\\BMO'°4f\\hl(M")- 
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Thus, the proof of Theorem 7.2 is complete. 

Next we show that the pseudodifferential operators are bounded on h^(R n ), 
where the weight oo is in the weight class A p ((p) which is contained in A l ° c for 
1 < p < oo. Let us first introduce some definitions. 

Let m be real number. Following [19], a symbol in S™ s is a smooth function 
o~(x,£,) defined on R n x R n such that for all multi-indices a and (3 the following 
estimate holds: 

\dzdi*(x,z)\ < + ieir- |/3|+5H , 

where C a ^ > is independent of x and £. 
The operator T given by 

Tf(x)= ( a(x,0e 2 ™<f(0d£ 

is called a pseudo-differential operator with symbol o~(x,£,) G S™$, where / is a 
Schwartz function and / denotes the Fourier transform of /. 

In the rest of this section, we let ip(t) = (1 + t) a with a > 0. 

A weight will always mean a positive function which is locally integrable. We 
say that a weight oo belongs to the class A p (ip) for 1 < p < oo, if there is a constant 
C such that for all cubes Q = Q(x ) r) with center x and sidelength r 

We also say that a nonnegative function oo satisfies the Ai(tp) condition if there 
exists a constant C for all cubes Q 

M ¥ ,(a;)(x) < Coo(x), a.e. x e R n . 

where 

Since (f(\Q\) > 1, so A p (R n ) C for 1 < p < oo, where A p (M n ) denote the 

classical Muckenhoupt weights; see [9]. 

Remark : It is easy to see that if oo G A p (tp), then oo{x)dx may be not a 
doubling measure. In fact, let a > and < 7 < a, it is easy to check that 
w(a;) = (1 + |x| log(l + \x\))^^ n+ ^ G" ^^(K") and oo(x)dx is not a doubling measure, 
but oo(x) = (1 + \x\ log(l + |x|))-( n+7 ) G A x (tp) provided that tp(r) = (1 + r 1 /™)". 

Similar to the classical Muckenhoupt weights, we give some properties for 
weights 00 G ^(y?) = U P >i A p (^). 

Lemma 7.3. For any cube Q C R n , then 

(1) If I <pi <p 2 < 00, then A pi (ifi) C A P2 ((p). 
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(it) uj G A p (ip) if and only if u p- 1 G A p i(ip), where l/p+ l/p' = 1. 
(in) If uj G A p for 1 < p < oo, then for any measurable set E C Q, 

\E\ ME)} 1 * 
<p(\Q\)\Q\ ~ \u(Q)J ' 

Lemma 7.4. Let T be the S^ pseudodifferential operators, then 

||77IUs(r») ^ C'p.wII/IUscr") 
/or 1 < p < oo and a; G A p (</?). 

Lemmas 7.3 and 7.4 can be founded in [19]. The following lemma was proved in 
[10]. 

Lemma 7.5. Let T be the Si pseudodifferential operators, if (p G T> then 
T t f = (p t *Tf has a symbol a t which satisfies D^.D^a t (x,^) < C Q)/ g(l + |£|)~' Q ' and a 
kernel K t (x, z) = FT^a t (x,^) which satisfies \D^D"K t (x, z)\ < C a ^\z\~ n ~\ a]{ , where 
C Q)/ g is independent of t if < t < 1 . 

Theorem 7.3. Let T be the S^q pseudodifferential operators, then 

\\Tf\\ h P {Rn) < C p>w ||/||^( R n) 

for ui G A 00 (</?) and < p < 1. 

Proof. Since ui G A^tp), sow G ^(v 9 ) f° r some q > 1. By Theorem 6.2, it suffices 
to show that for any atom (p,q,s) u a supported Q = Q(x ,r) with r < 2 and 
IMIl^m") < [u(Q)] 1/p ~ 1/q , such that 

||ra||h£(R») < C^ p , (7.6) 

and if a is a single atom, then 

||^ a IUs(R™) — Cw,p- (7-7) 

Obviously, (7.7) holds. Now we prove (7.6). 
If Q* = 2Q, we then have 



/ sup \(p t *Ta(x)\ p u(x)dx< u( y Q*Y q - p)/q I f sup \<p t * Ta(x)\ q u(x)dx 

JQ* 0<t<l \Jq* 0<t<l j 

< Cuj(Q*y q - p V q ( [ \Ta\ q u(x)dx) P/q 

< Cu(Q*Y q -ri/ q ( [ \a\ q u{x)dxY Q 



< c. 
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To estimate J R n\n* sup \(p * Ta\ p , we consider two cases. 
«i 

The first case is when r < 1. We expand K t (x, x — z) in a Taylor series about 
z = Xo so that 

(f t *Ta(x)— / K t (x, x — z)a(z)dx — / E D®K t (x,x — £)z a a(z)dz, 

•^ R ™ ||a|=JV+l 

where £ is in Q, and hence by Lemma 7.5, 
\tp t * Ta(x)\ < C\x - x \~ 
Taking N is large enough and r < 1, by Lemma 7.3 (iii), we then have 



sup \(f t * Ta(x)\ p uj(x)dx 

R"\Q* 0<<<1 

< C \Q\ P (N + l)/n\Q^_ f \ x _ XQ \-P(n+N + l )uJ ^ dx 

< C \ Q \p(N+i)/n\QL V(2 fc r)^ t+JV+1 ) / u{x)dx 

t^l J\x-x Q \<2 k r 

1 k 

<C-=—Y(2 k )- p ( n+N+1 U u(x)dx 

~ ^{Q)t^l J\x-x \<2 k r 

U(Q) k=k Q J\x-x \<2*r 
1 fco 

< C7— i— V 2 fc " 9 2- fcp ( n+Ar+1 )a;(Q) 

1 oo 

+C— — V (2 fc r)- p(n+7V+1)+Qn 2 fcn<? o;(Q) 

<C, 

where the integer A; satisfies 2 fe()_1 < 1/r < 2 fc() . To estimate with the case when 
1 < r < 2, by Lemma 7.5, for all M > 0, we have 



So 



|iir t (x,x-z)| < C M \x-z\- M . 
\ipt*Ta(x)\< / |it" t (a:, x — z)a(z)\dz < Cm\x — £o| -M || a llz, 1 (R n )- 

J Q 
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Note that 1 < r < 2, we then have 

/ sup \(f t *Ta(x)\ p uj(x)dx < CM\\a\\ P L i( R n) / \x — x \~~ Mp uj(x)dx 
JR n \Q* o<t<i ( ' Jm n \Q* 

< C M ( \x - x \~ M u(x)dx 



u(Q) Jr"\q* 

1 oo 

< c M ^:Y,^ kr y Mp+an ^ kn MQ) 
<c, 

if M is large enough. The proof is complete. 
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